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The slow regime of randomly biased walks on trees 


by 
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Universite Paris XIII & Universite Paris VI 


Summary. We are interested in the randomly biased random walk on 
the supercritical Galton-Watson tree. Our attention is focused on a slow 
regime when the biased random walk (Xn) is null recurrent, making a 
maximal displacement of order of magnitude (logn)^ in the first n steps. 
We study the localization problem of Xn and prove that the quenched law 
of Xn can be approximated by a certain invariant probability depending 
on n and the random environment. As a consequence, we establish that 
upon the survival of the system, converges in law to some non¬ 

degenerate limit on (0, oo) whose law is explicitly computed. 
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1 Introduction 

Let T be a supercritical Galton-Watson tree rooted at 0, so it survives with positive 
probability. For any pair of vertices x and y of T, we say x ~ y if a: is either a child, or 
the parent, of y. Let oj := (a;(x), x G T) be a sequence of vectors; for each vertex x G T, 
uj{x) := (c(;(x, ?/), y G T) is such that Ci;(x, |/) > 0 for all ?/ G T and that v) ~ 1- 

We assume that for each pair of vertices x and y, a;(x, ?/) > 0 if and only if ~ x. 
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For given u, let {Xn, n > 0) be a random walk on T with transition probabilities ui, 
i.e., a T-valued Markov chain, started at Xq = 0, such that 

P^{Xn+i = y \ Xn = x} = u{x, y). 

For any vertex x G T\{0}, let x be its parent, and let • • • , be its children, 

where N{x) > 0 is the number of children of x. Dehne A{x) := {Ai{x), 1 < i < N{x)) hj 

(1.1) A,{x):='Xl^, l<i<N{x). 

u{x, x) 

A special example is when Ai{x) = A for all x G T\{0} and all 1 < z < N{x), where A is a 
hnite and positive constant: the random walk {Xn) is then the A-biased random walk on T 
introduced and studied in depth by Lyons [2B]-[27], Lyons, Pemantle and Peres pi] [32], 
In particular, if Ai{x) = 1, Vx, Vz, we get the simple random walk on T. 

It is known that when the transition probabilities are random — the resulting random 
walk {Xn) is then a random walk in random environment —, the walk possesses a regime 
of slow movement. We are interested in this slow movement in this paper. 

In the language of Neveu [36], (T, u) is a marked tree. Note that A(x), x G T\{0} 
depends entirely on the marked tree. We assume, from now on, that A{x), x G T\{0}, are 
i.i.d., and write A = (Ai, • • • ,An) for a generic random vector having the law of A{x) (for 
any x G T\{0}). We mention that the dimension > 0 of A is random, and is governed 
by the law of reproduction of T. We use P to denote the probability with respect to the 
environment, and F := P the annealed probability, i.e., P( •) := J Pu}{ ■) P(da;). 
Throughout the paper, we assume 

N N 

(1.2) e(5^a)= 1, E(5^AAogA) =0. 

i=l i=l 

In the language of branching random walks (see Section |2|), fll.2p refers to the “boundary 
case”; in this case, the biased walks produce some unusual phenomena that have still been 
beyond good understanding. We also assume the following integrability condition: there 
exists 5 > 0 such that 

N N 

(1.3) e(^4+‘) +e(^31-‘) +E(JV«) < 

i=l i=l 

Lyons and Pemantle izg established a recurrence vs. transience criterion for random walks 
on general trees; applied to the special setting of Galton-Watson trees, it says that fll.2p 
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ensures that the biased walk (Xn) is P-a.s. recurrent. Menshikov and Petritis |35] gave 
another proof of the recurrence by means of Mandelbrot’s multiplicative cascades, assuming 
some additional integrability condition. The proofs of the recurrence in both [29] and [35] 
required an extra exchangeability assumption on (Ai, • • • , A^), which turned out to be 
superfluous, and was removed by Faraud [T5|, who furthermore proved that {X^) is null 
recurrent under (II.2p . 

Introduced by Lyons and Pemantle [29| as an extension of deterministically biased walks 
studied in Lyons [26]-12^, randomly biased walks on trees have received much research 
interest. Deep results were obtained by Lyons, Pemantle and Peres EH and [32], who also 
raised further open problems. Often motivated by these results and problems, both the 
transient regimes ([1], [2]) and the recurrent regimes ([6], [7], [15], [16], [18], [19]) have been 
under intensive study for these walks. For a general account of biased walks on trees, we 
refer to [33] , [37] and [H] . 

^— 

We add a special vertex, denoted by 0, which is the parent of 0, and assume that 

— 

(a;(0, y), \y\ = 1 oi y = 0) is independent of other random vectors (w(x, ?/), y ^ x) for 
X G T\{0}, having the same distribution as any of these random vectors; whenever the 

^— i — 

biased walk (W) hits 0, it comes back to 0 in the next step. [However, 0 is not considered 

^— 

as a vertex of T; so, for example, /(^) contain the term /(0).] This makes 

the presentation of our model more pleasant, since the family of i.i.d. random vectors A{x) 
also includes the element H(0) from now on. 

It was proved in [16] that under (11.2p and fll.3p . almost surely upon the survival of the 


max \Xi\ = 


system. 

lim 


n—>-oo M 

where 


(1.4) 

;= E 




N 

•= e (0, oo). 

i=l 


We are interested in the typical size of \Xn\] a natural question is to hnd a determin¬ 
istic sequence an ^ oo such that converges in law to some non-degenerate limit. In 
dimension 1 (which would be an informal analogue of the case N{x) = 1 for all x), the 
slow movement was discovered by Sinai [12] who showed that (y^ny converges weakly to a 
non-degenerate limit under the annealed measure. More precisely, Sinai m developed the 
seminal “method of valley” to localize the walk around the bottom of a certain Brownian 
valley with high probability. This method, however, seems hopeless to be directly adapted 
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to the biased walk on trees. Observe that in terms of the invariant measure, we can in¬ 
terpret Sinai’s method of valley as the approximation of the law of the walk by a certain 
invariant measure whose mass is concentrated at the neighbourhood of the bottom. Our 
main result, stated as Theorem 12.II below, asserts that upon the survival of the system, the 
(quenched) hnitely-dimensional distribution of the biased walk can be approximated by the 
product measure of some invariant probability measures. A consequence of this result is 
that under fll.2p and fll.Sp . for all x > 0, 


lim P 

n—^oo 


(log n) 


2 — 


< X 


survival) = 


(2vry)h2 


P (r; < 


1/2 


y 


dy, 


where a is the constant in fll.4l) . and r] := sup^gjo,i]['^('S) “ Here, (rri(s), s G [0, 1]) 

is a standard Brownian meander 
We mention that ^ 


and m 


(s) := sup„g[o,«]iT^(«)- 

0 ( 2 ^^ ^ 1 because E(b) = (f see 

In the next section, we give a precise statement of Theorem 12.11 as well as an outline 
of its proof. 


2 Random potential, and statement of results 


The movement of the biased random walk (X„) depends strongly on the random en¬ 
vironment u. It turns out to be more convenient to quantify the influence of the random 
environment via the random potential, which we dehne by V(0) := 0 and 

(2.1) V{x):=- log , xeT\{0}, 

y&i0,x\ ^{y^ y) 

where ^ is the parent of y, and ]0, x] := [0, x]\{0}, with [0, x] denoting the set of 
vertices (including x and 0) on the unique shortest path connecting 0 to x. Throughout 
the paper, we use x* (for 0 < z < |x|) to denote the ancestor of x in the z-th generation; in 
particular, xq = 0 and x\x\ = x. As such, the potential V in (12.ip can also be written as 


hl-i 


= - X] log 


i=0 


Uj(Xi, Xj+i) 
u(Xi, Xi_i)’ 


X G T\{0} . (x_i := 0) 


The random potential process (H(x), x G T) is a branching random walk, in the usual 
sense of Biggins [9]. There exists an obvious bijection between the random environment u 
and the random potential V. 


•^Recall that the standard Brownian meander can be realized as follows: m(s) := , s € [0, 1], 

where {Bit), t G [0, 1]) is a standard Brownian motion, with g := supft < 1 : B{t) = 0}. 
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In terms of the random potential, assumptions fll.2p and fll.Sp become, respectively, 

(2.2) e( ^ e-''W)=l, e( V(x)e-*'<'>) =0, 


x: |a:|=l 


and 

(2.3) 


x: |ic| = l 


-(l+S)V(x) 


x\ |a^|=l 


x: |a:|=l x: |x|=l 


1+5 1 


< OO 


We refer from now on to fl2.2p or fl2.3p instead of to fll.2p or fll.Sp . In the language of branch¬ 
ing random walks, (I2.2p corresponds to the “boundary case” (Biggins and Kyprianou [T2]). 
The branching random walk in this case is known, under some additional integrability 
assumptions, to have some highly non-trivial universality properties. 

We are often interested in properties upon the system’s non-extinction, so let us intro¬ 
duce 


P*(-) := P( ■ I non-extinction), 
P*(.) ;= p(. I non-extinction) . 


Let us dehne a symmetrized version of the potential: 

(2.4) [/(a:) ;= y(a)) - log(—1^) , xeT. 

u{x, x) 

We call U the symmetrized potential, and use frequently the following relation between 
U and V: 


(2.5) 


e-^W 



y^T: *y=x 


X e T . 


We now introduce a pair of fundamental martingales associated with the potential V. 
Assumption fl2.2p immediately implies that (Wn, n > 0) and (Dn, n > 0) are martingales 
under P, where 


( 2 . 6 ) := 

x: |tc|=n 

(2.7) := V(x)e-^^^\ n>0, 

x: |a:|=n 

In the literature, (Wn) is referred to as an additive martingale, and (L*n) a derivative 
martingale. Since (Wn) is a non-negative martingale, it converges P-a.s. to a hnite limit; 
under assumption fl2.2p . this limit is known (Biggins |T0], Lyons [28]) to be 0: 


( 2 . 8 ) 


Wn -)■ 0, P*-a.s. 
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[We will see in fl4.2p the rate of convergence.] In view of fl2.5l) . this yields 


(2.9) inf U{x) —)■ oo, P*-a.s. 

x: |a::|=n 

For the derivative martingale {Dn), it is known (Biggins and Kyprianou [H], Ai'dekon m) 
that (12. 3 p is “slightly more than” sufficient to ensure that Dn converges P-a.s. to a limit, 
denoted by D^o, and that 

Doo > 0, P*-a.s. 

For an optimal condition (of LlogL-type) for the positivity of Doo, see the recent work of 
Chen [H]. The two martingales (Dn) and (IW) are asymptotically related; see Section 01 
The basic idea is to add a reflecting barrier at (notation: ] 0 , x\ := ] 0 , a;]\{a;}) 

(2.10) '■= ^ ^ QV(z)-V{y) ^ €]0, x[|, 

z^}0,x} ze}0,yl 

where r > 1 is a parameter^ We mention that does not necessarily separate 0 from in- 
hnity: our assumptions ( 12 . 2 p and ( 12 .3p do not exclude the existence of r > 1 and a sequence 
of vertices Xq := 0 < Xi < X 2 ■■ ■ with \xi\ = i, i > 0 , such that X]r=i < r for 

all n > 1 . 

If r = r(n) := with 7 < 1, then we will see from Lemma 15.11 that with P*- 

probability roing to 1 (for n —>■ 00 ), the biased walk does not hit any vertex in in the 

hrst n stepslj As such, it makes no signihcant difference if we add a reflecting barrier at 

An advantage, with the presence of the reflecting barrier at J/fr, for any r > 1, is 

that the biased walk becomes positive recurrent under the quenched probability and 

— - 

its invariant probability tt^ is as follows: 71 ^( 0 ) and for x G T, 


TTriX) : = 


( 2 . 11 ) 

where is the normalizing factorj 


J_ p-U{x) 


W e-vix) 

Zr 


if X < , 

if X G , 


( 2 . 12 ) Zr:=l+ 

xST: xKJ/fr XG^r 

"^That is, each time the biased walk (W) hits any vertex x G it moves back to in the next step. 

® Actually 7 < 2 will do the job (by Theorem 12.81) . However, in Section IH when we start proving our 
main results, only Lemma lOI is available, which says that 7 < 1 suffices. The proof of Theorem [TS] comes 
afterwards, in Section [3 

®By X < we mean X]ze ]0 y] e^FFr^(y) < j. for all vertex y G]0, x]. 
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We extend the definition of vr^ to the whole tree T by letting 7 Tr{x) := 0 if neither x < 
nor X G ^r- 

Due to the periodicity of the walk (W), we divide the tree T into and with 

^(even) g ^ - i^.] jg even}, := {x G T : |x| is odd}. 

Depending on the parity of n, the law of Xn (starting from 0) is supported either 
by Tleven) -flodd) jj | 0 j_ Note that U { 0 }) = \ as 'Kri.') is 

the invariant probability measure of a finite Markov chain of period 2. We define a new 
probability measure: for any r > 1 , 

{ 27r^(-)l ']p{even) * ), if [rj is even, 

27rr.(-) Vdd)u{S}(-)’ W is odd. 

^— 

For any pair of probability measures p and z/ on T U {0}, we denote by dtv(/i, v) the 
distance in total variation: 

dtv(/i,z^) := ^ |p(x) - z/(x)| . 

a:GTU{0} 

The main result of the paper is as follows. 

Theorem 2.1. Assume (12.2p and (12.dh . Then 

dtv^Dtj{W„ G •} , t 0, in P*-probability. 

More generally, for any k> 1 and 0 < ti < t 2 < ■ ■ ■ < < I, 

hi 

dtv(^a;{(2^pinj, ''' ,Xlun\) & •} , 0, in P*-probability. 

i=l 

As such, X\t.n\, 1 < f < «:, are asymptotically independent under In particular, no 
aging phenomenon is possible in the scale of linear time. 

Let us mention that in Theorem 12.11 the dependence of on ti is rather weak. 
As Lemma YI72\ below shows, dtv( 7 rt.„, 7 r„) —)■ 0 in P*-probability, so asymptotically, the 
influence of ti on shows up only via the parity of [tjuj. 
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Lemma 2.2. For any a > 0, as r ^ oo, 

sup dtv(7rr, Tiu) —)■ 0, in P*-probability. 


Theorem 12.11 has the following interesting consequence concerning distance between 
and 0. 


Corollary 2.3. Assume fl2.2p and fl2.3p . Fix k > 1 and 0 < ti < t 2 < ■ ■ ■ < < 1. 
Under F*, 1 < i < k, are asymptotically independent and converge in law to 

a common non-degenerate limit on (0, cx)) whose density is given by 

(27ra:)V2 ’ 

where G (0, oo) is the constant in fll.4p . and rj := sup^gjo,i][fh(s) — m(s)]. Here, 
(m(s), s G [0, 1]) is a standard Brownian meander, andm{s) := sup^gjg,s] 


The distribution of p is easily seen to be absolutely continuous (Section HP, and can 
be characterised using a result of Lehoczky pg. For more discussions, see pg. Very 
recently, Pitman [SH] has succeeded in determining the law of p using a relation between 
the Brownian meander and the Brownian bridge established by Biane and Yor [8]: p has 
the Kolmogorov-Smirnov distribution: 


P{p < x) 


k=—oo 


(27r)V2 


OO 


X^exp 

j=0 


(2j + 1)V a 
/ ’ 


X > 0. 


Theorem 12.11 is proved by means of two intermediate estimates, stated below as Propo¬ 
sitions 12.41 and 12.51 The first proposition estimates the local time at the root 0, whereas 
the second concerns the local limit probability of the biased walk. 

For any vertex x G T, let us define 


(2.14) Ln{x) := Y , n>l, 

i=l 


which is the (site) local time of the biased walk at x. 


Proposition 2.4. Assume fl2.2p and 

Ln{0) 


F. 


n 

log n 






. For any e > 0, 

> —y 0 , 


(2.15) 


in P*-probability. 
























Moreover, 


(2.16) 


K 


Ln{0) 


log n 


-)■ 


a 


,-U{0) 




in P*-probability, 


Proposition 2.5. Assume fl2.2p and fl2.3p . yls n ^ oo along even numbers, 

2 

(\ogn)P^{Xn = 0) —)• ^ in P*-probability. 

We now say a few words about the proof. It turns out that the partition function Zr 
has a simpler expression. Let be as in fl2.10p . Dehne 

(2.17) W:= 

XGT: x<^r 

with the obvious notation x < meaning x < or x G 


Lemma 2.6. Let W o-'^d Z^. be as in fl2.17p and fl2.12p . respectively. Then Z^ = 2W, for 
all r > 1. 


Proof. If X G T is such that x < A^'r, we have Z^ 7Tr{x) = e = e ^ 


i/eT: y=x 


.-V{y) 


Therefore, 


^ Z^7r,.(x) = ^ e ® 


-v(y) 


X<J£r 


X<J^r 


X<iJi^r fj =X 


E + E 


.-V(y) 


X<J^r 


3 /GT: 0<y<JCr 


which is ^ '^y<Jfr ® ® Hence 

X ZrTTr{x) = 2 X “ X ^ ' 


.r TTriX) = / > e 

X<.ifr X<.if, 


X(^JCr 


Since tt is a probability measure, we have 7rr(0) + J2x<^r + X)xG.5fr 
Zr = Zr'Xr{0) + X^ Zr'Xr{x) + X] ZrTlr{x) 

.-V(x) 


= 1, SO 


X<^r 
^-V{x) _ 

i:<S(’r X£jfr 


ce.5fr 


1 + 2 X - X ^ + X 


XGjfr 
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which is Lemma [2.61 is proved. □ 

So Yr is half the partition function under the invariant measure. The following theorem, 
which plays an important role in the proof of Proposition 12.41 and Theorem 12.11 describes 
the asymptotics of 1^. 

Theorem 2.7. Assume fl2.2p and fl2.3p . Let he as in fl2.17p . We have 

Yr 2 

lim -—W = ^ i-n P*-probability, 

r^oo log r cr^ 

where cx^ G (0, cx)) is the constant in fll.4p . and Doo the P*-almost sure positive limit of the 
derivative martingale {Dn) in fl2.7p . As a consequence, 

lim - —— = — Doo , lim (logr) 7rj,(0) = q-u{0 ) ^ P*-probability. 

r-^co logr cr^ r-)-oo 4iJoo 

Finally, the following general estimate allows us to justify the presence of a barrier at 

YYr. 

Theorem 2.8. Assume fl2.2p and fl2.3p . Let (a„) be a deterministic sequence of positive 
real numbers such that lim„_j.oo = 0, then 

n 

hm F([j{X,eXj) =0, 

i=l 

where rn ■= —■ 

The rest of the paper is organized as follows: 

• Section [3l environment: preliminaries on branching random walks. 

• Section m environment: proof of Theorem 12.71 

• Section [5l biased walk: preliminaries on hitting barriers and local times. 

• Section [6l biased walk: proof of Proposition 12.41 

• Section [3, biased walk: proof of Theorem 12.81 

• Section [HI biased walk: proof of Proposition 12.51 

• Section [9l biased walk: proofs of Lemma 12.21 Theorem 12.11 and Corollary 12.31 

Some comments on the organization are in order. In the next two sections, we study 
the behaviour of the random environment, starting in Section [3] by recalling some known 
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results for branching random walks, and ending in Section 0] with the proof of Theorem 
12.71 The biased walk (X„) comes into picture in the last hve sections. In Section [5l we 
collect a couple of useful results about hitting lines and local times for the biased walk. 
The proof of Proposition 12.41 which is the most technical part of the paper, is presented in 
Section [6l Once Proposition 12.41 is established, we use it to deduce Theorem 12.81 in Section 
[71 and Proposition 12.51 in Section [HI Finally, Theorem 12 .1 1 and Corollary 12.31 (together with 
Lemma 12.2p are proved in Section [9] 

Throughout the paper, for any pair of vertices x and y, we write x < y or y > x if y is 
a (strict) descendant of x, and x < y or y > x if either y > x, or y = x. 


3 Environment: preliminaries on branching random 
walks 


We recall, in this section, some known results in the literature for branching random 
walks, and deduce a few useful consequences. 

Under assumption (12.2p . there exists a sequence of i.i.d. real-valued random variables 
— i > 0), with Sq = 0, such that for any u > 1 and any Borel function g : MT’ ^ M_|_, 


(3.1) 


E 


1 <i <n) 

tcET: |a:|=n 


E 


g{Si, 1 <i <n) 


where, for any vertex x E T, Xi {0 < i < n) denotes, as before, the ancestor of x in the Tth 
generation. As such, U(xo), U(a^i), • • •, V{xn) (for |x| = n) are the values of the potential 
V alongs the branch [0, x]. 

Formula fl3.ip . often referred to as the “many-to-one formula”, is easily checked by 
induction on n. However, the appearance of the new, one-dimensional random walk {St, i > 
0) has a deep meaning in terms of the so-called spinal decomposition via a change of 
probabilities. The idea of change of probabilities in the study of spatial branching processes 
has a long history, going back at least to Kahane and Peyriere [23] and to Bingham and 
Doney PI. and has led to various forms of the spinal decomposition. Since Lyons, Pemantle 
and Peres |30|, it reaches a standard way of presentation. In our paper, we do not need any 
deep applications of the spinal decomposition, so we stay with the original probability P 
without making any change of probabilities, even though we do need a “bivariate” version 
of (O): 


(3.2) 


E 


g(v{xi), A(xi_i), l<i<nj 

tcGT: |a;|=n 


E 


glSi, Ai_i, l<i<n 
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where, on the left-hand side of fl3.2l) . we dehne 


(3.3) 


A(2]) := leT. 

y: ^=x 


and on the right-hand side of (I3.2p . (Aj, z > 0) is such that {Si — Si-i, Aj_i), z > 1, are 
i.i.d. random vectors whose law is characterized by 


(3.4) 


E 


h{S^, Ao) 


E 


e-^^^^h{V{x), A(0)) 

|3:| = 1 


for any Borel function /z : —)■ M+. The last equality follows, obviously, from (13.2^ by 

taking n = 1 there. Note that by dehnition, A(0) = ■ 

In particular, an application of the Holder inequality, using assumption fl2.3p . yields the 
existence of hi > 0 such that 


(3.5) 


E|(Ao)‘'l= 1( E 


x: |a;|=l 



i+5in 


< oo. 


These are known facts about the spinal decomposition. For a proof of fl3.2|) . see [20] . 

We now deduce several simple but useful results. The hrst allows us to include the 
random variable A(x) in the bivariate many-to-one formula (13.21) . The second takes care 
of summation over all vertices on the stopping line instead of on a given generation, 
which leads to the third which is also the main estimate in this section. 


Lemma 3.1. Assume (12.2p . Let A(x) be as in (13.3p . For any n > 1 and any Borel function 
f : —)■ M_,_, we have 


E 


f\V{xi), A(xi_i), 1 < z < zz, A(a:) 


= E 


e^n pi Aj_i, 1 < z < rz 


where {Si — Si_i, Aj_i), z > 1, are i.i.d. whose common distribution is given in fl3.4p . and 


(3.6) F{ai, bi-i, 1 < z < zz) := E f(ai, bi-i, 1 < z < zz, 


,-y(x) 


xGT: |x|=1 


In particular, if g : —)■ M+ is a Borel function, then 


E 


g(y{Xl), ■■■ ,V{Xn), I^{x) 

tcGT: |3^|=n 


= E 


where G{ai, • • • , a„) := E[^(ai, • • • , a„, X) 


a:GT: |a^|=l 


e^-G(Ai, ••• , A, 

e-^("))]. 
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Proof. Let ■= cr{x, V{x), x G T, |a:| < n), the cr-field generated by the branching 
random walk in the hrst n generations. By dehnition, for |x| = n, A{x) is independent of 
^ n; so 


E 


f(v{xi), A{xi_i), l<i<n, A(x)'j 

xGT: 


= F(^V(xi), A(xi-i), 1 < i < , 

xGT: |tc|=n 



where F is given by fl3.6p . Taking expectation with respect to P on both sides, and using 
the bivariate many-to-one formula (I3.2p . we obtain the lemma. □ 


Lemma 3.2. Assume (12.2p . Let Ei, E 2 , ■ ■ ■ he Borel subsets o/M. Let r > 1 and let F£r 
be as in (I2.inp . Then 

(3.7) e( = P [s, E E,, 1 < t < Tf)) , 

x£.Sfr 

where Tr^'^ := inf{z > 1 : 


Proof. We write 

00 

e '^{vixi)eEi,l<^<\x\} = '^ e l{xej^r}'^{vixi)£Ei,i<i<k} ■ 

xdJ^r k=l x: \x\=k 


Obviously, {x E A^r} = {E.gi 0 ,x] > r, E^g 10 ,^i < A Vn g]0, x[}. 

We take expectation with respect to P on both sides. By the many-to-one formula 


e(^ e l{v{xi)(iEi,i<i<\x\} 

X(i.Sffr 


5^p(Ty) = A:, S,EE,,l<i<k), 


k=l 


which is P(iS'j G Ei, 1 < z < T, 


{Sh 


□ 


Remark 3.3. Let W := = 1 + as in (Era. 

Since x < Afr means Yliz &}0 < r for all n G ]0, x[ (the inequality considered 

as holding trivially if |x| = 1), the proof of Lemma [3.21 yields 


E(y;) = 1 E(Ty)) < 1 + E 


infjz > 1 : max Sj — Si > logrj 

i<j<i ■' 
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It is easy to check (for a detailed proof, see [20]) that E[inf{z > 1 : maxi<j<j Sj — S'j > tt} ] 
is bounded by ci for some constant ci > 0 and all n > 1. Hence, there exists C 2 > 0 such 
that 

(3.8) E(F,.) < C 2 (logr)^, r>2. 

We are going to use (13.Sh in Section [ 6 l in the proof of Proposition 12.41 

Although we do not need it in the present paper, an elementary argument shows that 
is bounded also from below. □ 

(log?’) 


We now present the main probabilistic estimate of the section. 


Lemma 3.4. Assume fl2.2p and fl2.3p . The laws of {log under P*, for 

r > 1 , are tight. 

In particular, for any a < 1, {logr)°‘'^^^^^e~^^^'' —)■ 0, r —)■ oo, in I**-probability. 


Proof. Let e > 0. Our assumption ensures infa,, | 2 ,|=„ H(x) oo (for n —)■ oo) P*-a.s. (see 
fl2.9p : so we can choose and £x a constant a > 0 such that 


(3.9) 


p* 


inf V(x) > —a ) >l — e. 

xGT J 


For any x G T, write 


By Lemma [3.21 


V_{x) := min V{y) 

y&l0,x\ 


(3.10) e( Mv{P>-a) = P(i5r(^) > -«)> 

where := inf{z > 1 : > r}, and Fj := mino<j<j Sj. 

Let iL(l logr) := inf{i > 1 : Si > ^ logr}. We have 

> -«) < < Ff(^logr), S.^(s) > -aj + P(i5H(iiogr) > “«) • 


We bound the two probability expressions on the right-hand side. For P{^H{^iogr) — 
—a), we write H_{—a) := inf{i > 1 : Si < —a}, to see that for some constant C 3 > 0, 


^rf(ilogr) ^ 


-a 


= P{H{-\ogr)<H.{-a)}< 


c^a 


1 log r a 
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[For the last inequality, which is elementary, see for example Aidekon [3] under the as¬ 
sumption of existence of exponential moments of S*!.] Hence > —a) < 

Accordingly, 

(3.11) P(s,,,s, > -a) < p(Tf) < H(ilogr), ^. 

To deal with P(Tr‘^^ < //(|logr), iS^(s) > —a), we note that by dehnition of Tr^\ r < 
Yl'jLi 6 ^ which, on the event {Tr^'^ < H{^\ogr), ^rp(s) > —a}, is bounded by 

Ylj=i e°‘ H{^\ogr). Consequently, 

P(rf) < if(^logr), > -a) < p(hf(ilogr) > _ 

By Kozlov |2l], P{if(ilogr) > r^/^e“"} < for some constant C 4 > 0 and all 

n> 2. Going back to 03.111) and having 03.10p in mind, we obtain: 






3“/2 jQg J. 2c3 a 
log r 


In view of 03.9p . and since e > 0 can be as small as possible. Lemma [3.41 follows readily. □ 


4 Environment: proof of Theorem 12.7 


This section is mainly devoted to the proof of Theorem 12.71 but also prepares a few 
useful estimates for the forthcoming sections. The material in this section concerns only 
the environment (thus the potential V and the symmetrized potential [/); no discussion on 
the movement of the biased walk (Aj) is involved. 

Let Wn := 77 , > 0, be the additive martingale as in (12. 6 p . Consider also, 

for n > 0 and A > 0, 


(4.1) 


IF?) := 


.-V{x) 


1x1=71 


Hmaxj,g|0_,,.] [V(y)-V{y)]<\} 


where 


V(y) := 


max V (z). 
z&lz,y\ 


We mentioned earlier in fl2.8p that under assumption fl 2 . 2 l) . we have IF„ 0 P*-a.s. The 
rate of decay of Wn is known: according to [5], under 02 . 21 ) and 02 .3p . we have 

(4.2) lim IFn = (— 5 -) D^o , in P*-probability. 

n—>00 VTrcr^/ 
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The asymptotics of are also studied: according to Madaule [51], for any a > 0, 
lim —-= P (< — ) , in P*-probability, 

n->oo Wn V Cr/ 

where r] := sup^gjg [fh(s) — rri(s)], with rh(s) := sup„g[o,s] (rri(s), s G [0, 1]) 

denoting as before a standard Brownian meander. In view of 04.21) . this is equivalent to 
saying the following convergence in P*-probability: 

(4.3) lim 

n^oo \TTa / V (T J 

This holds for any given a > 0. 

By the absolute continuation relation between the Brownian meander m and the three- 
dimensional Bessel process R (see [22]), we know that the law of t] := sup^gjg^ [rfi(s) — m(s)] 
is absolutely continuous with respect to the law of supgg[o,i][-^('5) ~ -R('S)]- The latter is 
atomless because R is an h-transform (in the sense of Doob) of Brownian motion. As a 
consequence, a i—)■ P (?7 < ^) is continuous on M. On the other hand, both a i—)■ Wn 
and a I—)■ P(r^ < are non-decreasing. It follows that fl4.3p holds uniformly (in a > 0) in 
the following sense: for any e > 0, 


(4.4) 


lim P* 

n—>00 


sup 

a>0 


n 


1/2 



1/2 n 

h^ooP(l?<-) 

a 



0 . 


We now state a lemma. 


Lemma 4.1. We have 


(4.5) 


1 


lim -VVh, 
A^oo A ^ ' 


(A) 


k=l 




in P*-probability. 


Proof. We hrst argue that in only those k that are comparable to make a 

signihcant contribution to the sum. More precisely, we claim that for any £1 > 0, 

f 1 ^ 

(4.6) lim lim sup -r ^ r = 0 > 

A->-oo t A f—' J 

k=l 

^ 00 

(4.7) lim limsupP*/-- wj:^'^ > ei\ = 0. 

A->-oo 1 A ^—R J 

fc=[BA2J 

To prove fl4.6p and fl4.7p . let £ > 0 and £x a > 0 as in fl3.9p . i.e., such that 
(13. 9 p P*{inf y(a;) > —a} > 1 — £ . 
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Consider the truncated version of defined by 

T/f/C’")_\ ^ 0—^(2:) 1 _ 1 

2-^^ ^{'^^yele>,xl[V{y)-V{y)]<\} ^{Y_{x)>-a} 1 

\x\=k 

where V_{x) := niin^g| 0 ^a,] V{z) as before. Clearly, on the set {inf^-eT V{x) > —a}, = 

hhf ^ for all A: > 1 . 

By the many-to-one formula in f|3.ip . 

(4.8) E(Wf •”>) = P{ max (Sj - Sj) < A, S, > -a} . 

where Sj := maxo<j<j Si and := mino<j<j S',. 

The proof of (14.61) is easy: we have < P{^k ^ which is bounded by 

for some constant C 5 (depending on a) and all /c > 1 (see Kozlov [2l]); hence 



which goes to 0 when A —)■ cx) and then 6 —)■ 0. This readily yields (14.6p . 

To prove (14.7p . we use (14.Sp . and apply the Markov property at time | (treating it as 
an integer by dropping the symbol of the integer part), to see that 

E(fKi^’“^) < > -a, max (Sj - SA < x] 

t 2 ^<j<k J 

< P{iSfc > —a} X p| max {Sj — Sj) < x\ . 

^ o<i<| ' 


Again, Pj^Sfe > —a} < ^ky/ 2 ; whereas P{maxQ<^.<fc (S'j — Sj) < A} can be estimated as 
follows: by the Markov property, P{maxQ<^.<fc (S'j — Sj) < A} < [P{maxo<j<LA 2 j(*S'j — 

Sj) < A} A gy Donsker’s theorem, there exists a constant 0 < Cg < 1 such that 
P{maxo<j<LA 2 j (*S'j — Sj) < A} < 1 — Cg for all sufficiently large A (say A > Aq) which yields 
P{maxg<^.<fc (5'j — Sj) < A} < (1 — cg)^ 2 LA 2 j-l^ \/\ > Hence, for A > Ag and k >1, 

E(irA“’)< 

from which it follows that 


lim lim sup y E | 

B AOO A—4DO A f 


00 

E 

fc=[BA2J 


W, 


(A, a) 


= 0 
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Since e > 0 in fl3.9p can be as small as possible, this implies fl4.7p . 

Now that (14.bp and (14.7p are justihed, we are ready for the proof of Lemma 14.11 Fix 
B > b > 0. By (031), for A -)■ cx), 




A ^ AVjrcrV ^ *1/2 

fc=[6A2J fc=[6A2J 


1 E 'h 


E rhph< 


(" <?F72 )+«■"«• 


where op*(l) denotes a term satisfying limA^oo op* (1) = 0 in P*-probability (whose value 
may vary from line to line). On the other hand, by Fubini’s theorem. 


-SA 2 


A Aa2 


1 X./ A 

P[r] < 


1/2 / dw = -tE 
= 2E 


"(SAbA^ dti 


'feA 2 


„l /2 




Since r] is atomless, this yields 


LBA2J 


(A9) A E W'/ 

fc=[bA2J 


(A) 




1 

or] 


Note that E[((S^/^ ~ when B ^ oo and 6 -)■ 0. In view of 

fl4.6p and fl4.7p . we see that when A —)■ oo. 


1 


aE<’- 

k=l 


8 \l/2 


TTCT^ 


E>ooE 


-] 

or] 


in P*-probability 


By [21], E(i) = which yields Lemma 031 

We now have all the ingredients for the proof of Theorem 12.71 


□ 


Proof of Theorem fS. 1\ By dehnition. 




E 

X&JlCr 


,-V(x) 


We already know (Lemma 13.41) that e —?• 0 in P*-probability. So it remains to 

check that 

(4.10) lim ^ ^ L>oo , in P*-probability . 


log r 
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By definition, {x < ^r} means Yl,z ^\0 y\ ^ r, \/y e}0, x]. So 


E <=■'■'"’= E E <=■'■'"’ i(E 

k=0 x: \x\=k 


■2e]0,yl 


eV(z)— v(if)Vy€]0,3?]} 




— ^ ■^{maxj,gj 0 ,^1 [V'(i/)-n(y)]<logr} 

fc =0 x: |x|=/c 


(4.11) 


Ew'/ 

k=0 


(log r) 


A similar lower bound holds as well: we fix an arbitrary positive real number B > 0, 

[B(logr) 2 j 

{maxj,gj 0 _,,j [V(y)-V(y)]<log 








k=0 x: |x|=/c 
[B(logr)^ I 


(4.12) 


J2 


k=0 


Applying Lemma 14.11 and (14.7^ , and noting that lim^ 
under P*, 


log 


= 1, we obtain that 

iogr ’ 


lim --e ^ ^oo , in probability . 

r—i-nn iQff T 


xET 


2 


Theorem 12.71 is proved. 


□ 


Remark 4.2. The proof of the upper bound in Theorem 12.71 combined with fl4.7p . tells us 
that for any e > 0, 


(4.13) 


lim lim sup 

B^oo r—>-co 




e-^(-) > 


xGT: |x|>S(logr) 2 , x<^r 


0 . 


We are entitled to sum over x < instead of over x < because 'Ylix^s^r ® —t 0 in 

P*-probability fLemma 13^ : fl4.13p will be useful in Section [6l □ 


5 Biased walks: preliminaries on hitting barriers and 
local times 

In this section, we collect two preliminary results for the biased walk (W)- The first 
is a weaker version of Theorem 12.81 and the second concerns the covariance of edge local 
times. For the sake of clarity, we present them is two distinct subsections. 
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5.1 Hitting reflecting barriers 


This subsection is devoted to a weaker version of Theorem 12.81 stated as follows. The 
proof of Theorem 12.81 comes much later, in Section [71 

Lemma 5.1. Assume fl2.2p and fl2.3l) . If r = r{n) := (^logn)-) 7 < 1? then 

n 

lim F(\\{X,e^r}) =0, 

i=l 

where is as in fl2.10p . 


Proof. Dehne 


(5.1) := inf{i > 0 : Xj = x} , x G T, 

(5.2) := inf{i > 1 : Xt = 0} . 


In words, is the hrst hitting time at x by the biased walk, whereas T 0 is the hrst return 
time to the root 0. 

Let X G T\{0}. The probability Tb(7x < T 0 ) only involves a one-dimensional random 
walk in random environment (namely, the restriction at [0, x[ of the biased walk (Xj)), so 
a standard result for one-dimensional random walks in random environment (Golosov |17] ) 
tells us that 


(5.3) 


a;(0, xi)e^(^i) oj{0, 0) 

^ pViz) ~ V 

Z^ze ] 0 , x] ^ Z^zG 10,3;]^ 


where xi is the ancestor of x in the first generation. 

Dehne := 0 and inductively := inf{i > : X, = 0}, A: > 1. In words, 

is the A:-th return time of the biased walk {Xf) to the root 0. [In particular, ] 

For n > 1, we have 


T < n < T <r 

J.X ^ n, ±0 ^ ^ a 0 


P.iTx<n) = 

k={) 

00 

= ^ Po; < P 0 , Tx<n- j) 


/c=0 

00 




— Pu}{Tx < T0) 


k=0 


= P^iTx < T+) E^{Ln{0) + 1), 
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where Ln{0) ■= l{Xi= 0 } is the local time at 0. By fl5.3p . we get 


PuiT^ <n) < 


Euj{Ln{0) + 1 ) 


Let r > 1, and let be as in fl2.10p . We have 


i=l X£j^r Xd^r 


1 


E 


]0, x] 


e^b) ■ 


By dehnition of - - — vu) ^ “6 x ^ hence 

(5.4) P„ ([J{A'. e ^,}) < 

i=l X&Jfr 


We nse the trivial ineqnality Ln{0) < n, so E^{Ln{0)) < n. We now take r = r(n) : = 
(iog^n )'5 • With this choice of r, Lemma [131 tells us that if 7 < 1, then (logn)"^ Yhx&^r ^ 

0 in P*-probabihty. This yields Lemma [5.11 □ 


5.2 Covariance for edge local times of biased walks 

In the proof of Proposition 12.41 in Section El we are going to estimate the covariance 
of local time of the biased walk {Xi). It turns out to be more convenient to deal with 
covariance of edge local time instead of site local time. More precisely, for any k > 1 and 
any vertex x G T\{ 0 }, let us dehne the edge local time 

k 

(^•^) Lk{x) := ^ ^{Xi.i=x,Xi=x} ’ 

i=l 

which is the number of passages of the walk {Xi), in the hrst k steps, on the oriented edge 
from X to X. We are interested in the (edge) local time during an excursion away from 0. 

Notation: xAy is the youngest common ancestor of x and y (or, equivalently, the unique 
vertex satisfying [ 0 , x f\y\ = [ 0 , x] fl [ 0 , ?/]). 

Lemma 5.2. Let := inf{z > 1 : Xi = 0 } denote the first return to the root 0 as in 

(ESI). 

(i) We have, for x 7 ^ ?/ G T, 

(5.6) Cov,[X^+(x), L^+{y)] < E^[L^+{x A y )^], 


21 















where Covcj stands for covariance under the quenched probability P^. 
(ii) We have, for x G T\{ 0 }, 

(5.7) E^[Lj.+ {x)\ = a;( 0 , . 

(5.8) E^[L^+{xf] = a;(0, 0) (^2 ^ QV{y)-v{x) _ 

y&l0,x\ 


Proof, (i) We use the following elementary identity: for any pairs of random variables 
and ^2 defined on a probability space (f2, P), having hnite second moments, and any 

cj-held C we have 


(5.9) 


Cov({i. &) = E Cov»( 5 i, { 2 ) 


+ Cov 


E(6|^^),E(6I^) 


where Cov^(^i, ^ 2 ) := E(^i ^2 | ^) — E(Ci | ^) ^(^2 | ^) is the conditional covariance of 
and ^2 given 

We hrst treat the case that neither of x and y is an ancestor of the other. 

We write u = u{x, y) := x A y for brevity, and let x\u\+i and y\u\+i be the ancestor, 
at generation |u| + 1, of x and y respectively. By dehnition oi x A y, the vertices X|u|+i 
and y\u\+i are distinct children of u. Conditionally on Lj,+ (x|„|+i) and Lj,+ {y\u\+i)) fhe 
edge local times Lj,+ {x) and Lj.+ {y) are independent. We apply fl5.9p to ^1 := Lj,+ [x), 
^2 := Lr+iv) ^ Lj.+ [y\u\+i))) the cr-£eld generated by the edge local 

times Lrp+[x\u\+i) and L.p+(y|„|+i). Since the conditional covariance vanishes, (15.9p gives 
that 


(5.10) Cov^[L^+(x), L^+{y)] = Coy^[E^{L^+{x) \ E^{L^+{y) \ ^)] , 

with ^ := a{Lj.+ [x\u\+i), Ly+(r/|„|+i)). Let us compute E^{Lj.+ [x) j^f), which is nothing 
else but Ei^{Lj,+ {x) \ Lrp+[x\u\+i)). Write |x| =\ j > i := |u|. Then for any k G (f, j) fl Z, 
and given Lj,+ {xk) = ^ > 1, Lrp+[xk+i) has the law of Yl!m=i where Gm, m > 1, are 
i.i.d. geometric random variables with parameter pk := ^( 3 ,^ xk p takes 

value r with probability (1 — PkYpk for all non-negative integer r). Since Gm has mean 
we have E^{Lj,+ {xk+i)\Lj.+ {xk)) = Lj.+ {xk)^^ = L^+(xfc) As a 

consequence, we deduce from the Markov property of /c —?• Lj,+ {xk) (under P^) that 

E^{Lrp+(^x) \ Lrp+(^x\u\+i)) = Lj,+ {x\u\+i) e ACfe+i) ^(a;*)] 
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Similarly, E^{Lj,+ {y) \ Lj,+ {y\u\+i)) = L^+(y|„|+i) e ^(2^iu|+i)l. Going back to (IS-IUD , 
this leads to: 


CoVt^[Ly+(x), Lj,+ (y)] 

(5.11) = Cov„|rj,+ (i|„|+i). iT+(!'H+i)] ■ 

To compute the covariance on the right-hand side, we write • • • , for the chil¬ 

dren of u (among which are x\u\+i and y\u\+i] so N{u) > 2), and observe that conditionally 
on Lj.+ {u) = £ > 1, the law of the random vector 1 <k < N{u)) under is 

multinomial with parameter (X]fc=i {p^^^{u) := 1 < /c < N{u))), where 0*,, 

1—Lj[u, u) |—I 

k > 1, are i.i.d. random variables having the geometric distribution of parameter u{u, ■u)0 
Accordingly, for all £ > 1, 


K, 


,K+{uW) 




k=l 


Lrp-^-iUj^ - 

-^0 ^ ' 


= K 


= K 


SkOj{u, 


N{u) 

E 

k=l u) 

N(u) 


) 




(m, 


©1 


^ 1 — uj{u^ u) ^ 


^ |-fog yields 


Since 

1—s(l— u)) 
N{u) 

(5.12) E<,[fJ(sfc) 




fc=i 


-^T+ ('*^) 


u{u^ u) 


.(u) 


1 - ES’ 


UJ[U, u 


iW) 


[We proved it assuming that Lrj,+ {u) > 1, but it is trivially true on the set {Lrj,+ {u) = 0}.] 
In particular, for 1 < k ^ m < N{u), 

Applying again fl5.9p . this time to := ^2 ■= Lrp+{u^'^^) and ^ := a{Lj,+ {u)), 

we obtain (Var^^ denoting variance under P^): 

< E^[L^^{uy] , 

random vector (G, • ■ • , ^n) defined on (17, P) has the multinomial distribution with parameter 
(m, {pP, • • • , if P(G =mi, ■■■ , = mN) = Y{k=i{P^^^)'^’' for non-negative integers 

TOfc, 1 < fc < A^, satisfying mi H-m^v = m; in particular, E(si^ • • • s^) = {J2k=i for all Sk > 0 , 

I <k < N. 
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the last inequality following from the fact that Lrp+{u) < Lrp+{uY (recalling that Lrp+{u) is 
integer-valued). We take k and m be such that = x\u\+i and = y\u\+i- In view of 
(I5.11|l . this yields the desired inequality (15.6^ in Lemma [5^ 

It remains to deal with the special case that either x is an ancestor of y, or y is an 
ancestor of x. 

This, however, is easy. Without loss of generality, let us assume that y is an ancestor of 
x, in which case we have seen that Et^{Lrp+{x) \ Lj,+ {y)) = Lrp+(y). So applying 

(I5.9P to ,^1 := Lj,+ (x), ^2 ■= Lj,+ {y) and ^ := a{Lj,+ {y)) gives 

Cov^[Lj.+ {x), Lj,+ {y)] = 0 + Var^[L^+(y)], 


yielding fl5.6p . 

(ii) We already noted that Ei^[Lrp+{x)] = e~^'^^^^~^^^^^^E^[Lj,+ {xi)], where Xi denotes, 
as before, the ancestor of x in the hrst generation. Since Ei^[Lj.+ {xi)] = uj(0 , xi), and by 
dehnition, cj(0, Xi) = cj(0, 0)e~^^^^\ this yields E^[Lrp+[x)] = C(;(0, 0)e~^^^\ as stated 

in fl5TI) . 

It remains to compute E^lLr^+^x)"^]. From fl5.12p . we get that 


Taking expectation on both sides, and replacing the pair u) by (x, x), we obtain: 

E^^T+{xf] = e-2TW-^(-)] + (e-2T(-)-^(-)l + E^^^+fy] 


By the already proved fl5.7l) . i?t^[Lj.+ (x)] = u:{0, 0) e Solving this difference equation 

(with initial condition E^[Lj,+ {xiY] = “^(^j ^i) = yields fl5.8p . This 

completes the proof of the lemma. □ 


6 Biased walks: proof of Proposition 12.4 


Let denote the quenched law of the biased walk with a reflecting barrier at ^r- 

Under the biased walk (Xj) is positive recurrent taking values in {x G T : x < 

A — 

U { 0 }, with invariant probability as in fl2.11l) . In particular, if denotes, as in 
fl5.2p . the hrst return time to 0, and Lrp+ (site) local time as in fl2.14p . 


( 6 . 1 ) 

( 6 . 2 ) 



sP |£ t +(!/)1 


1 

vrr(0) ’ 
T^r{y) 
7rr(0) ’ 


?/ G {x G T : X < 5('r} U {0} . 
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We now proceed to study Ln{0) under Let i > 1, and let denote the ^-th 

, is the sum of £ independent 


return time to 0 (so is , under 

copies of . In particular, e!^\T0'^) = £ x E!;j’{T0) = ^ . 

By the simple relation {L„( 0 ) < £} = > n}, we have 




Under P^ 

-.(r) 


(r) 


<<!} = -PLI Pa ' - 


7rr{0) 


> n — 


£ 


7rr(0) 

which, by Chebyshev’s inequality, is bounded by y_ Var£^^ (TjJ) if n > (Var^'’^ 

denoting the variance under the probability However, it has not been clear to us 

whether Var^^^(T 0 ) is sufficiently small. This is why some care is in order when applying 
the method of second moment. We are not going to estimate the variance (under pS’’^) of 
T^; instead, we are going to decompose into three distinct parts, in such a way that 
the variance of a part is sufficiently small for our needs and that the expectation of the 
other parts is also sufficiently small. 


Recall from fl2.10l) that Jfr := {x : 


Z&l 0 ,xl 


,Viz)-Vix) 


> r, 


z&\0,y\ 


^V{z)-V{y) <; 


r, 'iy g]0, x[}. The reason for which we have not been able to make Var^'’^(T 0 ) small is 
that r is too large. Our solution is to consider two scales: and with s := 


(logW 


< r. 


where 0 > 0 . 

The promised decomposition for T 0 is as follows, the constant being dehned in 


(6.3) 

rp (a) 
-^0 

( 2 /) a;(u, tl)>(logr) } 



yST: y<^s 

(6.4) 

rp (b) 
-^0 




yST: y<^s 

(6.5) 

rp (c) 
-^0 

■= Lj,+ {y) . 


yST: ^a<y<^r 


Then 


(6.6) T+-I < Tj") + + Ti") < T+ . 

[The quantities and can differ by 1 in case Xi = 0 ] 

The next pair of lemmas summarize basic properties of T 0 ^\ and that are 
needed in this paper: loosely speaking, we control in a satisfying way the hrst two moments 
of T 0 ^\ and although we have no control on the variances of and T 0 ^\ we show that 
they both have negligible expectations compared to the expectation of T 0 . 
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Lemma 6.1. Let 9 >0 and let s := ■ When r oo, 


(6.7) 

( 6 . 8 ) 
(6.9) 


E!^\n) 

E!::\n) 


in -probability^ 
in P*-probability, 
in P*-probability. 


In particular, 


( 6 . 10 ) 


log r 


—)■ 0 , 


in P* -probability. 


Lemma 6.2. Let 9 > 0 and let s := There exists a constant cy > 0 such that for 

all r >2, 


( 6 . 11 ) 


E 


Var^^') (rj'"^) 1 < cy s (log r) 




where > 0 is the constant in fl3.5p . 


By admitting Lemmas 16.11 and 16.21 for the time being, we are able to prove Proposition 

E31 


Proof of Proposition , 

Let 0 > 0 and let s := Let 

(a) 

0 

“ ^{min„g|2,,j,|a;(n, F)>(logr)-®/'*l} 


3/GT: y<£es 

rpii), (b) 

-^0 



j/eT: 

rjiii), (c) 

0 

= ^ iy) ■ 


1/GT: J^s<y<.S£'r 

Then -£< ^ P < T^\ 


For any ni>l and n 2 > 1 with ni + 77.2 < n — 7, 


L’'’{i»(e<) < n = 

< 

< 


> n} 

>n- £} 

pP)|yW,(a) > > 712} . 
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Observe that = 

p)(r)_j' 2 ^h), (b) _|_ rj-i{£), (c) 


£ [e!^\T0'°'^) + eI;^\T0^'^)], so by Markov’s inequality, 

>n,}<- i£’M(b’’>)+sy (ry )i ■ 

77,2 


For > ni}, we note that E^\T 0 ^"^^'^ 

and that VarW(Ti^^’^'^^) = £ Var^ ). If m - 


)=£x Ei^\Ti^'^) < £ X e!^\t+) 


£ 

nr{0) ’ 


£ 

1Tr{0) 


> 0, then by Chebyshev’s inequality, 


p(r) (a) ^ p(j) yp^), (a) 




> TT-i 


< 


£Vari-)(ri^^) 


£ 

T^r{ 0 ) 


} 


Let us now £x the choice for £, rii and 77 , 2 . Let 0 < e < 1. We take 77i := [(1 + 

and 772 := — ^ — 1 so that 77i + 772 < (1 + 2 e)p^ — £, which is indeed bounded by 

77 — ^ if we take £ := 77 7rr(0)J. With the choice made for (£, 771 , 772 ), we have 






/7 T r (r 


Recall from Theorem 12.71 that (logr) 77 ^( 0 ) —)■ in P*-probability (for r —)• cxo). 

We choose r = 77 so that we are entitled to apply Lemma 15.11 With the dehnition of 
s := we apply Lemma ESI (choosing 6* > + 5) and Lemma EH] (part fib.iop i. to see 

that Pi^^{L„(0) < ^ 0 in P*-probability. By Lemma ETTl P(U”^]^{Xj G ^r}) 0, so 

this is equivalent to saying that Rj{L„(0) <£}—)■ 0 in P*-probabihty, with the choice of 
£ := Liy^'^r(0)J • Again, since (log r) 77 ^( 0 ) —)■ in P*-probability (Theorem 

I2.7p . this yields the lower bound in (I2.15p . 

The proof of the upper bound is similar, with the same choice r := 77, and is slightly 
easier because we do not need to care about and any more. Indeed, for any 

£> 1 , 


P«{L„(0) > £} 


= pW{TW<n} 

-n]2 ’ 


as long as > n. Again, = iEL^\T^^^), and VarW(Ti")’= 

£ Var^'’^(T 0 ‘^^). This time, with e > 0, our choice is £ := [(1 + 5 ) 7777 ^( 0 )]. For this new 
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choice of part fl6.7p of Lemma EH] ensures that > (1 + |)?7,} —)■ 1 for 

n ^ oo. So by Lemma [6H1 if s := with 0 > + then Fi'^^{L„(0) > ^} —)■ 0 in P*- 

probability, which, in view of Lemma ISHl is equivalent to saying that Ft^{L„(0) > ^} —)■ 0 
in P*-probability. This yields (I2.15p . 

It remains to check (I2.16p . In view of (I2.15p . it suffices to show the following: 

Togn^ 2 


( 6 . 12 ) 


n 


Euj[{Ln{0)) ] is tight under P*. 


Clearly, Ei^[{Ln{0)Y] < E!:^\{Ln{0)Y], for any r > 1. Observe that 

CO CO 

BW[(L„(0))"] < 2 ^jFM{L„(0 ) > j] = 2 < n] . 


i=i 


j=i 


By Chebyshev’s inequality, ^ n} < exi?ir^(e "^ 0 '/”-), which, by the strong Markov 

property, is e x As such. 


E^[{U0)f] <2eJ2j \E^j\e-^^/n 


i=i 


< 


2 e 




where, in the last inequality, we used the elementary fact that — (T^TF 

for any x G [0, 1]. 

Note that for any nonnegative random variable ^ with E(,^^) < oo, we have E(1 — e“^) > 
E(e - ^) = E(0 - i[E(0]2 - |Var(0. Therefore, 


1 - E^j\e-^^> 1 - 


> 


eL^^ (Ti,“)) [eL^^ )] 2 Vari") 


n 


2n2 


2n2 


We choose again r := n. By Lemma 16.11 and Theorem 12.71 E^^T^’) = D^o + 
op*(l))logr, where op»(l) denotes, as before, a term converging to 0 in P*-probability 

with 


(logr)fi 


and its value may vary from line to line. By Lemma l6.2[ if we choose s : = 

9 > + 5, then — ^logn —^ 0 in P*-probability. This yields fl6.12p . and thus fl2.16p . 
Proposition I2.4I is proved. □ 

The rest of the section is devoted to the proof of Lemmas I6.1I and I6.21 


Proof of Lemma \6.1[ Clearly, (I6.10p follows from (I6.8p and (I6.9p (combined with Theorem 
I2.7p . On the other hand, and differ by at most 1 (see (16.61) ). so (16.8p 


and fl6.9p together imply fl6.7p . As a consequence, we only need to prove fl6.8p and fl6.9l) . 






















































Let us start with the proof of (16.9|) . By dehnition of (see flh.Sp L E^\T 0 ^) = 
Yli^s<y<^T We have seen in fl 6 . 2 p that El^\Lrp+(ii)] = for y < Since 

^<^’'^(^ 0 ) = (see (EH)), we have 





T^riy) 

■^s<y<^r 


^^<y<JCr 


Q-U{y) 

Zy. 




e-V(y) 

Zr 


Notinge ^(y') = e + Y.zeT:^=y^ we arrive at: 


e!^\t^^^) 


E 

Jfs<y<^r 


e-v(y) 

Zr 


^s<Z<^r 


Zr 


+ 5: 

y^Xr 


e-^fa) 

Zr 


<l E 

^s<y<S£r 


By Theorem ETl e ^( 2 ^) ^ ^ Doo in P*-probability and Ey<if, e ^ 

^ Doo in P*-probability (noting that —)■ 0 in P*-probability according to 

Lemma 13^ . Hence J2jc,<y<^r e~^ ^ D^o — -Doo = 0 in P*-probabihty. Since 

^ ^ Doo > 0 in P*-probability (Theorem 12.7p . we conclude that 

2 - 

— ^ —)■ 0, in P*-probabihty. 


This yields (I6.9p . 

We now turn to the proof of (16. Sp . Recall that E^\Lj,+ {y)] = ^^y'> = 

QU{ 0 )\^^-v{y) _|_ for y < By dehnition of in (16.4p . 

i?W(Ti")) = e^(^) e-^(^)) l^.bad}, 

z^T:^=y 


where, by “y bad”, we mean min^g| 0 ^j,] a;(n, n) < (logr) So 

^W(yjb)) ^ 2ef^(0) ^ < 2e^(^) e-^(^)l{,bad} • 

y<^s y<^r 

Let R > 0 be a constant. Then 


£:<'>(Ty>) < 2e‘'l'’>(Eg33, + Egjj,) , 


where ^ 



(6.13) 

^1031 

:= e-^(^) 1 

yeJ: |y|<B{logr)2 

(6.14) 

^ 16 TTI 

:= 

y<.^r, |i;|>B(logr)2 


®For notational convenience, we treat i3(logr)^ as an integer. 
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In view of fl4.13p . we have, for any e > 0, 

(6.15) lim limsup P*|sig 141 > elogrj = 0 . 

We now bonnd S jg ]^ 3 | . When y is bad, max„g |0 ^ > (logr)®/'^b which means 

max„g| 0 ^y] A(n) > (logr)®/^i — 1 , with A(n) := fl3.3p . Accord¬ 

ingly, writing a(r) := (logr)®/”^! — 1 for brevity. 


^ J 6 . 13 i — ® l{max„g|e,_y| A(u)>a(r)} 

yeT: |y|<B(logr)2 
S(logr)2 

— ® (l{max„g |0^y|A(n)>a(r)} + l{A(y)>a(r)} j , 

k = l y£T:\y\=k 


the hrst term “1” on the right-hand side resnlting from y = 0. We take expectation with 
respect to P on both sides. By Lemma 13.11 and in its notation. 


E 


(^ 1031 ) < 


1 + 


B{logr) 

E 

k=l 


E 


Amaxi<i<fc Ai_i>a(r)} 


e > a(r) j 

x: |a^|=l 


Since Aj_i (for z > 1) is distributed as Aq, we have, for all 6 > 0 and all z > 1, P(Aj_i > b) < 
Csb~^^, where > 0 is the constant in fl3.5p . and Cg := E[(Ao)‘^^] = E[(Z]x-|a:|=i 
which is hnite according to fl3.5p . On the other hand, fl3.5p also yields P(X]x-|a;|=i ^ 

b) < (for b > 0). Hence 


E(E fnill ) < 1 H(logr)^C8a(r) -F cg a(r) . 

—>■ 0 in L^(P) and equivalently, in L^(P*), and a fortiori in P” 


log r 


This yields 

probability. Together with (I6.15p . and since < 2 e^^‘^^(S jg_p 3 | -|- E|gq^), we ob- 

tain -)■ 0 in P*-probability. Recalling that Ei^'^(T 0 ) = ^ and that (logr) 7 rr( 0 ) 

converges in P*-probabihty to a positive limit (Theorem 12.7p . we deduce that 


TPv) 

-t^U) \J- 0 

which is the desired conclusion in 


—)■ 0, in P*-probability, 

Lemma [ 6 . II is proved. 


□ 


Proof of Lemma \6.2[ Recall that := ^T+iv) l{ygood}, where 

{y good} := < min uj{u, u) > (logr)“®/^^ \ , 

lu&l0,y} ) 
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with ^1 > 0 denoting the constant in fl3.5p . For any ?/ < we have y < ^ri so has 

fr) 

the same distribution under and under In particular, 

Var!:'(Tj*’) = Vai„(rj*') = Var„( l,„„o<i)) ■ 

y<-^s 

Let Ldx) ;= Ir^ -i-_ i be edge local time as in fIS.Sp . Then 

t J- —Xf 


y~! ^T+iy) i{?/good} - ^ W+iy) i{ygood} + ^2 ^T+iy) good} • 

y<-^s y<-^3 y<J^'s,yj^0 


By the elementary inequality Var(^i + ^ 2 ) < 2[Var((^i) + Var((^ 2 )] (for random variables .^1 
and ^2 having hnite second moments), this leads to: 

Var[,^(rJ < 2 Var^j^ Lrp+(y) l{j/good}^ + 2 Var^^^ Lj,+ {y) ■ 

y<-^s,y^0 

We write 


Var^ 


-f^T+(2^) f {F good}) 

y<J^s,y¥=0 


y~! Var^[L^+(y)] + 

y<^3,y¥=0 


+ X] ^T+(^)] Ij^good} ^{Vgood} ’ 

y^z<J>fs,y,z^0 


and we have a similar expression for Lj,+ {y) Ijygood})- Lemma 16.21 will be a 

straightforward consequence of the following inequalities: for some constants cg > 0 and 
Cio > 0, and all r > 2, 

(6-16) l^good}) ^ C9s(logr)T+2^ 

(6.17) E(^ (<^ov^[^t+( 2/)> ^T+(2;)])^lWgood}) ^ Cios(logr)F+®, 

y^z<^s 

where > 0 is in fl3.5p . and (Cov^^)- • •])+ denotes the positive part of CoV(j[- • •]. 

So it remains to check inequalities fl6.16p and fl6.17p . We start with the proof of (I6.16|l . 
Recall from Lemma [5.21 that 

P^[I^+(^)2]=a;(0, 0)e-^(^)(^2 ^ e^b)-ny)_ij ^viz)-v(y) _ 

z&l0,yl ze\0,y\ 
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For the sum on the right-hand side, we write [y denoting as before the parent of V) 


^ ^V{z)-V{y) ^ ^-[V{y)-V{y)] ^ ^v{z)-V{y) 


,V(z)-V{y) ^ ^-[V{y)-V{y)] 

^Gl0.y] 2e]0,'2; 

y) 


< 


oo{y, y) 


^{y, y) 




^Gl0> yl 




Z&10, y\ 


\i y < ^si then by dehnition, % < ^s-, so that J 2 ze }0 other 

hand, if y is good, then by dehnition, ^ < (logr)®/*^!. Consequently, 


(6.18) 


Ec.[LT+iyf] l{^good} My<^s} < 2 [s (logr)^i + 1] 


.-v{y) 


Since E( ^ < C 2 (logs)^ (see (I3.8p ). this yields (Ib.lbh . 

We now turn to the proof of (I6.17h . Consider a pair y ^ z < ^s- By Lemma [521 

Cov4rT+(!/). LrliA] < A zf]. 

Hence, writing LHSg^T) := E„^z<;a(Cov„[i;j,+ (9), i;y+(r)])+ 1,J we have 

LHSktTI < 2 E^[L^z(uf] ■ 

uKJfs y^z<^s'-y/\z=u 

_ 

Observe that l{«good} < l^good}’ so by dnUD, E^[Ly+(M)2] l{^good} < 2[s(logr)«i + 
l]e-^0_ Consequently, 


LHS|6^ < 4[s(logr)«'i + 1] ^ e 1{„ good} x 


(6.19) 


U<J^S 

X e 

y^z<Jfs- yAz=u 


-[V{y)-V{u)]-[V{z)-V(u)\ 


Let us consider the double sum Yl,y^z<^s yAz=u^ on the right-hand 

side. Write k = k{u) := |m| for brevity. Then 


-[V{y)-V(u)]-[V{z)-V(u)] 


E ^ 

y^z<^s'- yAz=u 

^-[V(a)-V(u}]-lV(b)-Viu}] 


E » 


E 


,-[V(y)-V{a)]-[V{z)-V{b)] 


a^b, a =u= b 


y, z<^s-yk+l=a, Zk+l=b 
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Observe that if y < =Sf<j is such that \y\ > A: + 1 and yk+i = a, then by dehnition of 
in fl2.10jl . ^ e]a, y[; so writing y = ay (the concatenation of a 

and then y as & vertex of the subtree rooted at a satishes y < .S!fs{a), where -^s(a) is 
dehned as but associated with the subtree rooted at vertex a. Accordingly, with ^k+i 
denoting the cr-held generated by {y{x), |x| < A: + 1), we have that on the set {|n| = A:}, 


< 



E 

yj^z<Jfs- y/\z=u 


[V{y)-V{u)]-[V{z)-V(u)] 





a =u= b 


If u is good, then by dehnition, lj{u, u) > (logr) '^i; in particular. 


^ g-[y(a)-V(n)] 

aGT: *a=u 


u{u, u) 


1 < 


u{u^ u) 


o 

< (logr)"*! , 


which implies that V ^ -f-e < (logr)^^/^b Hence on the set 

a =u= b 

{|n| = k}, 


E 


E 


,-lV{y)-V{u)]-[V{z)-Viu)] 


y^z<J^s'.y/\z=u 


^k+i] l{«good} < (logr)^! [E(i;)]" 


Going back to (16.191) . this yields 

E(LHSej 3 ) < e(4 [s (logr)* + l](logr)* [E(n)l" E ' 

U<Jfs 


Since e obtain: E(LHS|^ 7 Y 7 |) - 4[s(logr)«i + 

l](logr)^i [E(ys)]'^. In view of flS.Sp . this yields fl6.17p . and completes the proof of Lemma 

lOl □ 


7 Biased walks: proof of Theorem 12.8 


Recall from (15.dp that 


i=l 


< 


Eu){Ln{0) + 1 ) 

r 


x^j^r 


By Lemma [3.41 (logr) ® tight under P*. Theorem 12.81 follows from (I2.16p of 

Proposition 12.41 □ 
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8 Biased walks: proof of Proposition 12.5 


We begin with a general fact for reversible Markov chains. The fact is well known. For 
a simple proof for hnite chains, see Saloff-Coste (BDl. Lemma 1.3.3 (1), page 323), applied 
to P\ 


Fact 8.1. Let P he the transition probability of a reversible Markov chain taking values in 
a countable space E. Then for any x & E, the sequence k P^^{x, x) is non-increasing. 

We prepare for the proof of Proposition 12.51 Let P^f '^ be, as before, the quenched 
probability with a reflecting barrier at and Elf'^ the corresponding expectation. 


Lemma 8.2. Let 7 G M, and let r = r{n) : = 


(lognp 


Then 


(logn)'-" sup \Pi^\B) - PUB)\ 


is tight under P*. 


Proof. For B G cr{Xi, ■ ■ ■ ,X„}, 

n 

\pL(B) - F„(B)| < F„([J{Jf, e ^,}) , 

i=l 

which is bounded by q-v{x) (see fl5.4p ). We conclude by means of Lemma 

13.41 and (I2.16p of Proposition 12.41 □ 


We are now ready to prove Proposition 12.51 


Proof of Proposition 1^.51 We choose r := n so that we are entitled to apply Lemma 18.21 
(with 7 = 0 ). We claim that for any ^ 00 satisfying hm„^oo = 0, 


( 8 . 1 ) 


max 

k even: —<k<n 


(logn)P«(Xfc = 0) 


a 


2Dr 


,-U{0) 


0 , 


in P*-probability. 


By Lemma [8.21 (18.ip will imply Proposition 12.51 

Let m := nin be the smallest even number such that m> Clearly —)■ 1. Using 

the trivial upper bound < 1, we deduce from part fl2.16p of Proposition 12.41 and 

Lemma [8.21 that for n —)■ 00 , 

(8.2) EP ^ fP e-"'®), in P’-probability, 

log m ^ 
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By Fact Em i P^\X 2 i = 0) is non-increasing, so = 


('f) / Lrn (0)\ _ log m v^m 


>F)/ 


0) > ^{^ogm)P!o^\Xm = 0), the factor | coming from the fact we sum over even numbers 
i G [1, m]. Combined with (I8.2p . we see that 

(8.3) 


log m 


y (log n)pW(Xfc = 0 ) = {log n)Pi^\Xm = 0) < 


o-n — — 


where op*(l) denotes a quantity which goes to 0 in P*-probabihty as n ^ oo. 

To obtain the lower bound for P^\Xk = 0), we consider the Markov chain (X 2 i, i > 0) 
under pS^\ starting from Xq := 0. This chain takes values in := {x G T : a; < 
Jfr, |ai| even}, with 7rr(Br) = | due to periodicity. In other words, 2Tir{x) for x G Er, is the 
invariant probability measure of {X 2 i, i > 0). By Fact I8.11 we see that for integer i > 0, 
P!;!'\X 2 i = 0) > 2 7rr(0). In particular, for k := 2[|J, Pu\Xk = 0) > 27rr(0) = 

As such, fl8.1|) follows from Theorem 12.71 and fl8.3l) . □ 

Remark 8.3. By dehnition, which is ^+°p^* (i) log n according 

to Theorem 12.71 where op*(l) 0 in P*-probabihty as n —)■ cx). So fl8.ip can also be 


stated as follows: For any —)■ cx) such that lim^ 


log an 


= 0, uniformly in even integers 


ke[^ 

Cln 


, n], 


(8.4) Pi"\Xk = 0) = (2 + op*(l))7r„(0) 

This will be useful in the proof of Theorem 12.11 in Section [9l 


9 Biased walks: proofs of Lemma 12.2L Theorem 12.1 
and Corollary 12.31 


Proof of Lemma dm For 0 < a < r and a; G T U {0}, 

Z'i^7T'i-{x^ Zu'Xu{x^ 


\nr(x} - nu(x}\ = 


ZrTTr{x){^ - 


< 


Zr^rix) - ZuTTuix) / x / 1 

---+ Z,7r,(a;)(— - —), 


by using the facts that Zr'n'r{x) > Zu'Ku{x) and Z^ > Zu- By taking the summation on x, 
2dtv('7rn, 'TT^j ^ ^ + ^r{ y ^ ) 2 , 

Z/7; Z/7; ^•}i. 


which is bounded by 2 h e r]. By Theorerndm i 3 ^(^r-^r/(iogr)“) -t 

0 in P*-probabihty, from which Lemma [2.21 follows. □ 
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Proof of Theorem \2.1[ 

(i) Case k = 1. We prove the following stronger statement: Fix 0 < c < 1. As n —)■ oo, 


(9.1) 


max sup \P^{Xm G A) — 7rm(A)| —)■ 0, in P*-probability. 

I cn I <m<n <— 

~ ACTU{0} 


The fact that (19.Ih holds uniformly in m will be useful in the proof for the case n>2. 

In view of Lemma [8.2[ it suffices to prove (19.111 for P!f'^ in lieu of with r := n. 

Let n be large and put bn := For cn < m < n (we treat cn as an integer) and 

A C T U {0}, we have 


(9.2) 0 < Pi^\Xm eA)-J2 PL"\Xm eA,gn, = k)< PFHAen(0) < bn} , 

h=bji 

where Qm '■= max{z < m : X* = 0} is the last return time to 0 before m and the second 
inequality follows from the fact that {g^ < bn} C {Lm(0) < bn} C {Lcn(0) < bn}- 
For any e > 0, we have bn < for sufficiently large n; so 


P^{L,n{0) < bn} < P^ 


Lcn{0) 

cn 

log(cn) 


X_e-ui0) 

4Poo 



+ Ir 

^40tx) 


e-U(Bi)<2e}' 


Applying Proposition 12.41 and since £ > 0 can be as small as possible, we see that 
Puj{Lcni0) < bn} ^ 0 in P*-probability. A fortiori, Fi'^^{Lcn(0) < 6„} —)■ 0 in P*- 
probability. Going back to fl9.2p . we obtain: 


(9.3) P}f\Xn, e A) - P}f\Xn, e A, Qm = k)^ 0, in P*-probability, 

k=bn 


uniformly in A C T U {0} and in m G [cn, n] fl Z. 

Let us deal with the sum on the left-hand side of fl9.3p . By the Markov property at 
time fc. 


PW(X^ G A, g^ 


k) = P}f\Xk = 0) P}f\Xn,-k G A, m - < T+) , 


where T 0 denotes, as before, the hrst return time to 0. 

By (18.4p . uniformly in even numbers k G [6„, n], P}f\Xk = 0) = {2 + op*(l))7rr(0). It 
follows that uniformly in A and in m, 

m 

P}f\Xm G A) - 27r,(0) Pif\Xm-k eA,m-k<T+)^0, 

k=bn, k even 
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in P*-probability. If m is even, so is m — A;, then we can restrict A to Ar \A similar 
restriction holds if m is odd. Dehne 


Am. — 


A n , 

A n u {0}), 


if m is even , 
if m is odd . 


We have (with op*(l) denoting an expression tending to 0 in P*-probability, uniformly in 
A and in m) 


EA) = 27rr(0) Pi^\Xm-k E Am, m - k < T^) + Op*(l) 

k=bn 

m—bn 

(9.4) = 27r,(0) pM(^i EAm,^< T+) + op*(l) , 

i=0 

which implies that 


(9.5) 




T 0 —1 


2n, 


.(0) EM [ 

i=0 


2 7rj-{Am) 4“ Op* (1), 


+ Op* (1) 


by the fact that 7rr(0) = +. ■ By Lemma [221 7>'r(^m) = T^m{,Am) + op*(l). Since 

Eu, (T ^) 

27rmiAm) = Em{A), WO obtain that P^''\Xm E A) < nm{A) + op*(l). 

To get (19.ip . it remains to check that P!^\Xm G A) > nm{A) + op*(l), which will be 
done if we are able to reverse the inequality in fl9.5p . By fl9.4p and tightness of (logn)7rr(0), 
it suffices to prove that 


(9.6) -- ) —)■ 0, in P*-probability. 

logn 

2=m —6n + l 

Of course, < ^0 ) = - (m - + 1))+]. By (|6TP and in its 

notation (with s := and 9 >0),T^ < + 1; so E*=m-fe„+i < 

T 0 ) < Piir^[(Pi,“^ - {m-bn))~'~] Lemma lOentails that + 

P(ir^[Pir^] = (logn) X op«(l). On the other hand. 




(a) 

0 


[m 


kn))*] < PPiP’ 1 


{TE^^>m-bn}- 


< 


m 


pW[(Pi“))2] . 


By Lemma ESI and tightness of we take a large parameter 6 such that + 

6 — 0 < 1 and arrive at fl9.6p . This completes the proof of fl9.ip . 
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(ii) Case k >2. We only check the case k = 2 because the general case can be proved 
exactly in the same way. Without loss of generality, we take t 2 = I and = s G (0, 1). 
For brevity, we treat sn as an integer. It suffices to prove that, for n —)■ oo, 

(9.7) sup \Pco{^sn e A, Xn G A 2 ) - TTsn{Ai)TTn{A 2 )\ -)■ 0, ffi P*-probability. 

Ai, A2CTu{0} 

Fix t G (s, 1). Let := min{i > sn : Xi = 0} and Bn ■= {tisn < tn} = {Ltn{0) > 
Lsn{0)}- By (I2.15P of Proposition [231 

(9.8) P^{B^) -A- 0, in P*-probability. 

Hence P^^^Xgn G Ai, Xn G A 2 ) = Pi^{Xgn G Ai, Xn G A 2 , Bn) + Op*(l), where Op*(l) 

i — 

denotes an expression converging to 0 in P*-probability uniformly in Ai, H 2 C T U {0}- 
Applying the strong Markov property at this gives 

tn 

PtoiXsn £ Ai, Xn G A 2 ) = P^{Xsn G Ai, = k) P^{Xn-k G A 2 ) + Op*(l) , 

k=sn-\-l 

which is 31fcLsn+i Pi^i.Xsn e Ai, dsn = k) nn-k{A 2 ) + 0 p*(l) by ([93])- 

For even numbers k G (sn, tn], n and n — k have the same parity and dtv(^n-fc, ^n) < 
2dtv{^n-k, ^n)- So by Lemma 1231 dtv(^n-fc, ^n) —)■ 0 in P*-probability, uniformly in even 
numbers k G [sn, tn]. As such, 

tn 

Pu]{Xsn £ Ai, Xn G A 2 ) = Pi^{Xsn £ Ai, dgn = k) 7r„(A2) + Op*(l) 

k=sn-\-l 

= Puj{Xsn G Ai) 'Kn{A2) + Op« (1) , 

by means of fl9.8l) . Applying the already proved case n = 1 of Theorem 12.1! to sn, we 
get that Pi^{Xsn G Ai) = nsn{Ai) + op*(l), which yields fl9.7|) and completes the proof of 
Theorem 12.11 □ 

Proof of Corollary \2.S[ We only prove the case n = 1 and = 1. The general case can be 
handled exactly in the same way. 

By Lemma l23l dtv(7r„(-)5 ^n-i(')) —>■ 0 in P*-probability, from which follows that 

(9.9) dtv(^^(^n(-)+^n-i(-))i ^n(-)) 0) ffi P*-probabihty. 

Applying Theorem 12.11 (case n = 1) to n and n — 1, we get from fl9.9p that 

(9.10) sup \Pi^{Xn G A) + Pi^{Xn-i G A) — 27r„(A)| —)■ 0, in P*-probability . 

AcTU{0} 
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Let B > b > Ohe constants and let n be large. We treat 6(logn)^ and i?(log?7,)^ as integers 
for brevity. By (Ib.lOh (with op»(l) denoting an expression converging to 0 in P*-probability, 
uniformly in B > b > 0) 




IW 


<B]+Pjb< 




(9.11) 


(logn)^ / V (logn^ 

= 2 ^ 7r„(a;) + op.(l). 

b(logn)2<|a;|<B(logn)2 


2 — 


< B 


By definition of vr^ in fl2.11|) (and the fact that Zn = 2Yn as in Lemma [2.611 . 

1 

Unix) = ■ 

f)(logn)2<|a:|<i?(logn)2 


B(log n)^ 

2 TTnix) = ^ Y 


Yn 

2 




fc=f)(logn)2 \x\=k 
B{log np 

k=b{logn)^ |a;|=fc 


where |A„| < E|x|=b(iognp e 


-V(x) 


+ Zl|xl = 


|x|=B(logn)2+l 


.-V(x) 


+ E 


X£^n 


-^(^) _ V14(iogn)2 + 

hLB(iogn) 2 +i + X^ 3 ;g_sf„ where (W) is the additive martingale in fl2.6p . Since Wi —>■ 0 

(for i —)■ cx)) P*-a.s. (see (12.8p ). and ^ 0 in P*-probabihty (Lemma l3.4p . 

we have A„ —)■ 0 in P*-probability. On the other hand, —)■ in P*-probabihty 

[Theorem 12.7p . Consequently, 




a 


Doo logn 


B(logn)2 

Y, Yj +Op* (1) • 


A:=f)(logn)2 \x\=k 

By an obvious analogue of (14.lip and (I4.12p . 

-B(logn)2 i?(logn)2 


k=b{logn)^ k=b{logn)‘^ 


(logn) 


and 


-B(log n)2 


-B(log n)2 


fc=b(logn)2 |x|=A; fc=f)(logn)2 


(log 


S(log n)2 


Applying fl4.9p to A = log n and noting that hm„ 
hxed B > b > 0, 


= 1 this yields that for any 

log n ^ 


(9.12) 


±) _ J./2, 
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Note that E{[(SV2 A ^) - 6^/^] 1 )} is continuous in B and b. Since \Xn\ and \Xn-i 

only differ 1, we get that 


2P^ (b + 


1 


< 




(logn)^ (logn) 


<B- 


2 — 




< 




(logn)" 
<B + 


(logn)2 (logn)^ (logn)^- 

which, in view of fl9.12p . readily yields the case «; = 1 of Corollary 12.31 as claimed. 


□ 
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